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Abstract

The aim of this paper is threefold. Firstly, we deal with approximation numbers of compact

embeddings

Bs
ppðRnÞ+LpðmÞ; s40; 1opoN;

where m is an (isotropic) Radon measure in Rn: Secondly, we apply the outcome to study the

distribution of the eigenvalues of fractal elliptic operators

Bs ¼ ðid � DÞ�s
3m; s40:

Thirdly, we wish to demonstrate that the theory of subatomic wavelet frames in function

spaces according to (Studia Math. 154 (2003) 59) is an efficient tool to handle problems of this

and related type.
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1. Introduction

Let m be a positive Radon measure in Rn with

G ¼ supp m compact; 0omðRnÞoN; jGj ¼ 0; ð1:1Þ
where jGj is the Lebesgue measure of G: Let

Bs
pðRnÞ ¼ Bs

ppðRnÞ; 1opoN; 0osp
n

p
;

be special classical Besov spaces. The aim of this paper is threefold.
First, we ask for existence and properties of the trace operator trm;

trm : Bs
pðRnÞ+LpðG; mÞ: ð1:2Þ

If m is isotropic then one gets definitive answers. Recall that the above Radon
measure m is called isotropic if there is a function h; defined, non-negative,
continuous, and strictly increasing on the interval ½0; 1� with hð0Þ ¼ 0; hð1Þ ¼ 1;
such that

mðBðg; rÞÞBhðrÞ; gAG; 0oro1;

where Bðg; rÞ is a ball in Rn centred at g and of radius r: As for the meaning of B we
refer to (2.1). It comes out (Theorem 1) that trm according to (1.2) exists (as a

continuous map) if, and only if, it is compact, if, and only if,X
jAN0

2
�jp0ðs�n

p
Þ
hð2�jÞp0�1oN;

1

p
þ 1

p0 ¼ 1: ð1:3Þ

The above isotropic measure m with the generating function h is called strongly

isotropic if there is a natural number k such that

hð2�j�kÞp1
2

hð2�jÞ for all jAN0:

Let H be the inverse function of h: If m is strongly isotropic and if (1.3) is
strengthened byX

jXJ

2
�jp0ðs�n

p
Þ
hð2�jÞp0�1B2

�Jp0ðs�n
p
Þ
hð2�JÞp0�1; JAN0 ð1:4Þ

(where the equivalence constants are independent of J) then one obtains for the
approximation numbers ak of the compact operator trm according to (1.2)

akBk
�1

pHðk�1Þs�n
p; kAN

(Theorem 2).
It is the second aim of this paper to apply the above result to fractal elliptic

operators of type

Bs ¼ ð�Dþ idÞ�s
3m : HsðRnÞ+HsðRnÞ; ð1:5Þ

where �D is the usual Laplacian in Rn and

HsðRnÞ ¼ Bs
2ðRnÞ; 0osp

n

2
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are the well-known Sobolev spaces. Let m with (1.1) be strongly isotropic with respect
to the generating function h and let (1.4) be specified by p ¼ p0 ¼ 2; henceX

jXJ

2jðn�2sÞhð2�jÞB2Jðn�2sÞhð2�JÞ; JAN0:

Then Bs is a compact, non-negative, self-adjoint operator in HsðRnÞ: Let Rk be its
positive eigenvalues ordered by decreasing magnitude. Then

RkBk�1Hðk�1Þ2s�n; kAN ð1:6Þ
(Theorem 3). Of peculiar interest is the limiting case s ¼ n

2
: Then one has for all

strongly isotropic measures m with (1.1) and the related operators Bn
2
according to

(1.5) with s ¼ n
2
the Weylian behaviour

RkBk�1; kAN;

of the corresponding positive eigenvalues.
These roughly outlined main results of this paper contribute to several branches of

recent research and, in particular, to their interrelations:

* The study of compact (embedding) operators acting between function spaces of type

Bs
pq and Fs

pq including diverse modifications and generalisations. The degree of

compactness is preferably expressed in terms of entropy numbers and
approximation numbers. In [10] one finds a description of the situation in
the middle of the 1990s including many references. As for the recent state of
art concerning approximation numbers in the indicated spaces we refer to
[5,6,9,15–17].

* The study of measures. As for the geometrical aspects we refer to [12,21,13]. The
more recent analysis on fractal sets and measures may be found in [18]. In [33] we
discussed the close connection between Radon measures, multifractal quantities
and function spaces of the above type.

* The study of the distribution of eigenvalues of elliptic differential operators. This is
one of the major theories in analysis since the beginning of the last century which
started with Weyl [35,36]. The recent state of art of the spectral theory of regular
and singular elliptic differential operators and pseudodifferential operators and of
the respective techniques may be found in [25]. The step from regular and singular
to fractal is characterised by the key word fractal drum. There are several aspects
which we discussed in [29, Section 26]. Maybe the best known interpretation is a
drum in the plane with fractal boundary resulting in the study of the (Dirichlet
or Neumann) Laplacian in bounded domains in the plane with fractal boundary
and related subjects according to [19,20]. On the other hand we dealt in [29,
Chapter V], and [30, Chapter III], with fractal drums, more precisely drums with

fractal membranes, resulting in operators of type (1.5) with s ¼ 1 and n ¼ 2; and
their analysis, in particular the distribution of eigenvalues.

The present paper might be considered as a contribution to the emerging close
relationship between the indicated topics. In [31] we surveyed this subject in a larger
context, announcing there some results proved in the present paper in detail. A first
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step beyond [29,30] has been done in [34] and some results obtained there are now
improved in a definitive way. But there is a significant difference between the
respective parts in [29,30,34] on the one hand, and the present paper on the other
hand. We always relied on quarkonial (or subatomic) decompositions in function
spaces as developed in [29,30]. In [29,30,34] we used this technique to deal with
entropy numbers of compact embeddings between function spaces, which results in
estimates (from above) of the positive eigenvalues of operators of type Bs in (1.5).
Now we rely on (closely related) wavelet frames in function spaces according to [32]
(which in turn are based on [30]). This gives the possibility to replace entropy
numbers of compact embeddings between function spaces by respective approxima-
tion numbers.

In other word, it is the third aim of this paper to present a new method to estimate
approximation numbers of compact operators acting between function spaces based
on wavelet frames. Although our approach to quarkonial decompositions in
function spaces and related wavelet frames is different in detail from what is known
in literature one might complement the above list of related subjects as follows.

* The study of wavelets in function spaces. Wavelets, wavelet bases, and wavelet
frames, preferably investigated in spaces of type L2ðRnÞ and LpðRnÞ with

1opoN; have also been considered in diverse other types of function spaces,
including spaces of type Bs

pq and F s
pq: We refer to the respective sections in

[22,14,7,24,37]. Our own approach, quarkonial decompositions in function
spaces, which started in [29,30] as an instrument to study entropy numbers, has
been formalised and modified in [32] in the context of wavelet analysis, now
suitable to handle also approximation numbers. As said, it is one of the main aims
of this paper to present this new possibility.

The plan of the paper is the following. In Section 2, we collect definitions and some
first assertions. Section 3 contains the main results. Proofs are shifted to Sections 4,
starting in 4.1 with a description of the wavelet frames according to [32] as far as
needed here. In Section 5, we add a few complements.

2. Some prerequisites

2.1. Basic notation

We use standard notation. Let N be the collection of all natural numbers and

N0 ¼ N,f0g: Let Rn be euclidean n-space, where nAN: Put R ¼ R1; whereas C is
the complex plane. As usual, Z is the collection of all integers. Furthermore, Zn;
where nAN; denotes the lattice of all points m ¼ ðm1;y;mnÞARn with mjAZ: The

set Nn
0 of all multi-indices consists of all points

b ¼ ðb1;y; bnÞ with bjAN0 and jbj ¼
Xn

j¼1

bj :
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We use the equivalence B in

akBbk or jðxÞBcðxÞ ð2:1Þ
always to mean that there are two positive numbers c1 and c2 such that

c1akpbkpc2ak or c1jðxÞpcðxÞpc2jðxÞ
for all admitted values of the discrete variable k or the continuous variable x; where
fakg; fbkg are sequences of positive numbers and j; c are positive functions. Given
two Banach spaces X and Y ; we write X+Y if XCY and the natural embedding of
X in Y is continuous.

Let SðRnÞ be the Schwartz space of all complex-valued, rapidly decreasing,
infinitely differentiable functions on Rn: By S0ðRnÞ we denote its topological dual, the
spaces of tempered distributions on Rn:

Furthermore, LpðRnÞ with 1ppoN is the standard complex Banach space with

respect to the Lebesgue measure mL; normed by

jj f jLpðRnÞjj ¼
Z
Rn

j f ðxÞjpmL ðdxÞ
� �1

p

;

where we prefer mLðdxÞ in place of dx.

2.2. Some function spaces

If f is a locally integrable (complex-valued) function in Rn then

ðD1
h f ÞðxÞ ¼ f ðx þ hÞ � f ðxÞ where xARn; 0ahARn;

and, iteratively, DM
h ¼ D1

hðDM�1
h Þ if M � 1AN; are the usual differences. Recall that

for any sAR;

Is : f/ðid � DÞ
s
2 f ; where D ¼

Xn

j¼1

q2

qx2
j

is the usual Laplace operator in Rn; maps SðRnÞ onto itself and S0ðRnÞ onto
itself.

Definition 1. Let 1opoN:

(i) Let s40 and let NAN with N4s: Then Bs
pðRnÞ is the collection of all fALpðRnÞ

such that

jj f jBs
pðRnÞjj ¼ jj f jLpðRnÞjj þ

Z
jhjp1

jhj�spjjDN
h f jLpðRnÞjjp dh

jhjn

 !1
p

ð2:2Þ

is finite.
(ii) Let sAR: Then

Hs
pðRnÞ ¼ I�sLpðRnÞ ð2:3Þ
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and

HsðRnÞ ¼ Hs
2ðRnÞ: ð2:4Þ

Remark 1. Recall that

Bs
pðRnÞ ¼ Bs

pqðRnÞ with q ¼ p

are special classical Besov spaces, normed by (2.2), whereas Hs
pðRnÞ are well-known

Sobolev spaces normed by

jj f jHs
pðRnÞjj ¼ jjIs f jLpðRnÞjj; fAHs

pðRnÞ

with the distinguished Hilbert spaces HsðRnÞ and the classical Sobolev spaces

Hk
p ðRnÞ ¼ W k

p ðRnÞ; kAN; 1opoN

as subclasses. Of course, all spaces are considered in the framework of S0ðRnÞ: For
different values of NAN with N4s in (2.2) one gets equivalent norms in Bs

pðRnÞ: But
this is unimportant for our purpose and not indicated on the left-hand side of (2.2)
(one might think of the smallest admitted N). We do not distinguish between
equivalent norms in a given space. In the main bulk of this paper, we restrict
ourselves to the above spaces. The only exception is the final complementary section
5 where the more general spaces Bs

pqðRnÞ and Fs
pqðRnÞ will be mentioned. The theory

of these function spaces has been developed systematically in [26–28]. In particular,
the specific formulation in part (i) of the above definition is covered by [28, Theorem
2.6.1, p. 140, Corollary 1, p. 142]. Recall that

HsðRnÞ ¼ Hs
2ðRnÞ ¼ Bs

2ðRnÞ; s40: ð2:5Þ

2.3. Measures

We always assume that m is a positive Radon measure in Rn with

G ¼ supp m compact; 0omðRnÞoN; jGj ¼ 0; ð2:6Þ

where jGj is the Lebesgue measure of G: Let 1ppoN: Then LpðG; mÞ is the usual

complex Banach space, normed by

jj f jLpðG; mÞjj ¼
Z
Rn

j f ðxÞjpm ðdxÞ
� �1

p

¼
Z
G
j f ðgÞjpm ðdgÞ

� �1
p

;

where we use likewise both notation. Since m is assumed to be Radon, SðRnÞ or,
likewise, its restriction SðRnÞjG to G is dense in LpðG; mÞ: If fALpðG; mÞ then f ; or

better the complex Radon measure f m; can be interpreted in the usual way as a
tempered distribution idm f ;

ðidm f ÞðjÞ ¼
Z
G

f ðgÞjðgÞm ðdgÞ; jASðRnÞ: ð2:7Þ

ARTICLE IN PRESS
H. Triebel / Journal of Approximation Theory 129 (2004) 1–276



The linear identification operator idm maps LpðG; mÞ continuously in S0ðRnÞ: We refer

for details to [30, 9.2, pp. 122–124]. A ball in Rn centred at xARn and of radius r is
denoted by Bðx; rÞ:

Definition 2. Let m be a Radon measure in Rn according to (2.6).

(i) Then m is called isotropic if there is a continuous strictly increasing function h on
the interval ½0; 1� with hð0Þ ¼ 0; hð1Þ ¼ 1; and

mðBðg; rÞÞBhðrÞ; gAG ¼ supp m; 0oro1: ð2:8Þ
Then G is called a h-set.

(ii) The isotropic measure m according to part (i) is called strongly isotropic if there
is a natural number k such that

hð2�j�kÞp1
2

hð2�jÞ for all jAN0: ð2:9Þ
Then G is called a strong h-set.

Remark 2. As for the use of B we refer to (2.1). By hð0Þ ¼ 0 we exclude
measures with atoms. Hence m is diffuse according to [1, Section 5.10, p. 61].
In [30, p. 277], we called a Radon measure m in the plane with (2.6), satisfying
the doubling condition, strongly diffuse if there is a number l with 0olo1;
such that

mðQ1Þp1
2
mðQ0Þ

for any cube Q0 centred at some point g0AG ¼ supp m and of side-length r with
0oro1; and any sub-cube Q1 with Q1CQ0 centred at some point g1AG and of side-

length lr: The extension of this definition from R2 to Rn is obvious. It is quite clear
that any strongly isotropic measure according to the above definition is in particular
strongly diffuse what may justify this notation. The assumption hð1Þ ¼ 1 is
convenient but immaterial. The almost classical example nowadays of strong h-

sets are d-sets with hðrÞ ¼ rd where 0odon; hence

mðBðg; rÞÞBrd ; gAG; 0oro1: ð2:10Þ

Details and references may be found in [29, pp. 5–7]. Perturbed d-sets, so-called

ðd;CÞ-sets where hðrÞ ¼ rdCðrÞ; typically with CðrÞ ¼ jlog r
2
jb for some bAR; have

been introduced in [11] and considered in detail in [23,17]. Arbitrary h-sets have been
studied in [2–4]. It comes out that for a given function h with the above properties
there is a compact set G and a Radon measure m with (2.8) if, and only if, there exists
an equivalent function h�; hBh�; with

h�ð2�jÞp2knh�ð2�j�kÞ for all jAN0 and all kAN0: ð2:11Þ

One has in addition

jGj ¼ 0; if ; and only if ; lim
r-0

rnh�1ðrÞ ¼ 0:
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Proposition 1. Let m be an isotropic measure according to Definition 2(i) with the

generating function h: Then the following three assertions are equivalent to each other:

1. m is strongly isotropic,

2.
X
jXJ

hð2�jÞBhð2�JÞ for all JAN0; ð2:12Þ

3.
X
jpJ

h�1ð2�jÞBh�1ð2�JÞ for all JAN0: ð2:13Þ

Proof. Step 1: Assume that m is strongly isotropic according to (2.9). Then we have
for lAN0;

hð2�J�lkÞp2�lhð2�JÞ; JAN0

and with J � lkAN0;

h�1ð2�JþlkÞp2�lh�1ð2�JÞ; JAN0:

Together with (2.11) and hBh� one gets (2.12) and (2.13).
Step 2: Assume that we have (2.12) and for some JAN0 and LAN;

hð2�J�lÞX1
2

hð2�JÞ for l ¼ 0;y;L:

Then

L þ 1

2
hð2�JÞp

XN
m¼0

hð2�J�mÞpchð2�JÞ

and L þ 1p2c: Since h is monotone it follows that

hð2�J�L�1Þp1
2

hð2�JÞ for all JAN0

and hence (2.9).
Step 3: Assume that we have (2.13) and that for some LAN and JXL;

h�1ð2�JþlÞX1
2

h�1ð2�JÞ for l ¼ 0;y;L:

Then

L þ 1

2
h�1ð2�JÞp

XJ

m¼0

h�1ð2�mÞpch�1ð2�JÞ:

One obtains (2.9) for some kAN by the same arguments as above. &

2.4. Traces

Again let m be a Radon measure in Rn according to (2.6) and let Bs
pðRnÞ be

the spaces introduced in Definition 1. Let 1proN: We ask whether there is a
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constant c40 such thatZ
G
jjðgÞjrmðdgÞ

� �1
r

pcjjjjBs
pðRnÞjj for all jASðRnÞ: ð2:14Þ

If this is the case then one can extend (2.14) from SðRnÞ to Bs
pðRnÞ by completion

using that SðRnÞ is dense in Bs
pðRnÞ; [27, Theorem 2.3.3, p. 48]. Then any fABs

pðRnÞ
has a (uniquely determined) trace trm fALrðG;mÞ and

trm : Bs
pðRnÞ+LrðG; mÞ

is denoted as the (linear and continuous) trace operator. We studied in [30, Section
9], in detail traces of function spaces of the above type. We collect a few easy
consequences which will be of some service later on. Let Qjm be the cubes in Rn with

sides parallel to the axes of coordinates, centred at 2�jm and with side length 2�jþ1

where mAZn and jAN0: Let

mj ¼ sup
mAZn

mðQjmÞ; jAN0;

what in case of isotropic measures simply means mjBhð2�jÞ:

Proposition 2. Let m be a Radon measure in Rn according to (2.6) and let

1opoN;
1

p
þ 1

p0 ¼ 1; s40:

If

trm : Bs
pðRnÞ+LpðG; mÞ ð2:15Þ

exists (as a linear and continuous map) then (necessary condition)X
jAN0

2
�jp0ðs�n

p
Þ X

mAZn

mðQjmÞp0oN: ð2:16Þ

Conversely ifX
jAN0

2
�jp0ðs�n

p
Þ
mp0�1

j oN ð2:17Þ

then trm according to (2.15) exists (sufficient condition).

Proof. If trm exists according to (2.15) then trm is also a bounded map from Bs
pðRnÞ

into L1ðG; mÞ: Then (2.16) follows from [30, Theorem 9.9(ii), p. 131]. Conversely,

since p0 � 1 ¼ p0

p
; condition (2.17) coincides with [30, (9.47), p. 130], with r ¼ p: This

proves (2.15). &

Remark 3. ByX
mAZn

mðQjmÞp0pmp0�1
j

X
mAZn

mðQjmÞBmp0�1
j
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it follows that the two conditions (2.16) and (2.17) are near to each other. They
coincide if m is isotropic. Of interest are only spaces Bs

pðRnÞ with spn
p
because

otherwise the above conditions are automatically satisfied (recall that Bs
pðRnÞ with

s4n
p
is continuously embedded in CðRnÞ).

Corollary 1. Let m be an isotropic Radon measure according to Definition 2ðiÞ with the

generating function h: Let

1opoN;
1

p
þ 1

p0 ¼ 1; 1prpp and s40:

Then

trm : Bs
pðRnÞ+LrðG; mÞ

exists if, and only if,X
jAN0

2
�jp0ðs�n

p
Þ
hð2�jÞp0�1oN: ð2:18Þ

Proof. This assertion follows in the cases r ¼ 1 and r ¼ p from [30, Theorem 9.9(ii),
p. 131], and the above Remark 3, respectively. The rest is a matter of the
monotonicity of the spaces LrðG; mÞ: &

2.5. The operators Bs and Weyl measures

We describe what is meant by the operator Bs mentioned in (1.5). Let s40 and let
HsðRnÞ be the Sobolev spaces introduced in Definition 1(ii) and let m be an isotropic
Radon measure with the generating function h according to Definition 2(i) such thatX

jAN0

2�jð2s�nÞhð2�jÞoN: ð2:19Þ

Then we have by Corollary 1 and (2.5) that

trm : HsðRnÞ+L2ðG; mÞ ð2:20Þ

(linear and continuous operator). Let idm be the identification operator according to

(2.7). By [30, 9.2, pp. 122–125], the operators trm and idm are dual to each other,

tr0m ¼ idm and id 0
m ¼ trm; ð2:21Þ

hence, identifying as usual L2ðG; mÞ with its dual, one gets by (2.20) within the dual
pairing ðSðRnÞ;S0ðRnÞÞ; that

idm : L2ðG; mÞ+H�sðRnÞ

and, as a consequence,

idm ¼ idm3trm : HsðRnÞ+H�sðRnÞ: ð2:22Þ
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The precise understanding of (1.5) is now given by

Bs ¼ ð�Dþ idÞ�s
3idm: ð2:23Þ

Using (2.22) and well-known mapping properties it follows that

Bs : HsðRnÞ+HsðRnÞ ð2:24Þ

is a linear and bounded operator in the Hilbert space HsðRnÞ: We equip HsðRnÞ with
the scalar product

ð f ; gÞHsðRnÞ ¼
Z
Rn

ð�Dþ idÞ
s
2 f ðxÞ 
 ð�Dþ idÞ

s
2gðxÞmLðdxÞ ð2:25Þ

where again mL stands for the Lebesgue measure in Rn; and where both f and g are
elements of HsðRnÞ: Extending the reasoning in [30, 19.3, p. 257], and in [29, 28.6,
30.2, pp. 226, 234], to the above case it follows that:

ðBs f ; gÞHsðRnÞ ¼
Z
G
ðtrm f ÞðgÞ 
 ðtrmgÞðgÞmðdgÞ:

Hence, Bs is a linear operator in HsðRnÞ; generated by the scalar product in L2ðG;mÞ;
considered as a bounded, non-negative, self-adjoint operator in HsðRnÞ; and as a
consequence,ffiffiffiffiffi

Bs

p
f jHsðRnÞ

			 						 			 ¼ jjtrm f jL2ðG; mÞjj; fAHsðRnÞ: ð2:26Þ

Remark 4. In the present paper, we restrict our attention to operators Bs where the
underlying measure m is isotropic. But this is not necessary. If m is a Radon measure
according to (2.6) with (2.20) then the above considerations remain valid. Criteria
(necessary and sufficient conditions) for the existence of the trace operator trm
according to (2.20) in this general case may be found in [30, 9.3, 9.4, pp. 125–127].
Operators of type (2.23) have been considered several times, sometimes with the
Dirichlet Laplacian �D in bounded smooth domains in Rn in place of �Dþ id in Rn;
but always under some restrictions for s and m: Cases of preference are s ¼ 1 (if in
addition n ¼ 2; then one arrives at drums with fractal membranes), d-sets according
to (2.10) or ðd;CÞ-sets mentioned after (2.10). We refer to [29, Chapter V], [30,
Chapter III], and [23]. In all cases considered, the above operator Bs is compact. Let
fRkgkAN be the sequence of all positive eigenvalues of Bs; repeated according to

multiplicity and ordered so that

R1XR2X?40:

One of the main points in all these considerations is the determination of
equivalences of type (1.6) for these eigenvalues. Of peculiar interest is the case

RkBk�1; kAN: ð2:27Þ

This is the classical Weyl behaviour which occurs if s ¼ 1; n ¼ 2 (fractal drums in
the plane) and s ¼ n

2
for general nAN: The latter case has been considered in [34]. But

the main point in the present paper (as far as the operator Bs is concerned) is not so
much that we now deal with general operators of type Bs but that our treatment is
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now based on approximation numbers, in sharp contrast to the above literature
which relies mainly on entropy numbers.

Definition 3. An isotropic Radon measure m according to (2.6) with the generating
function h andX

jAN0

hð2�jÞoN ð2:28Þ

is called a Weyl measure if

Bn
2
¼ ð�Dþ idÞ�

n
23idm

according to (2.23), (2.24) is compact and if one has (2.27) for the positive
eigenvalues Rk of Bn

2
:

Remark 5. Obviously, (2.28) is a special case of (2.18) or, better, (2.19). It comes out
that all the above operators Bs; in particular Bn

2
in the above definition, are compact.

In other words, the main (and only) point of the above definition is the distinguished
distribution (2.27) of the positive eigenvalues.

3. Main results

3.1. Traces

All notation have the above meaning. In particular, the spaces Bs
pðRnÞ have been

introduced in Definition 1 and we explained at the beginning of Section 2.4 what is
meant by the trace operator trm and by the cubes Qjm in Rn:

Proposition 3. Let

1opoN;
1

p
þ 1

p0 ¼ 1; s40:

Let m be a Radon measure in Rn with

G ¼ supp m compact; 0omðRnÞoN; jGj ¼ 0; ð3:1Þ

and X
jAN0

2
�jp0ðs�n

p
Þ
mp0�1

j oN where mj ¼ sup
mAZn

mðQjmÞ: ð3:2Þ

Then trm;

trm : Bs
pðRnÞ+LpðG; mÞ ð3:3Þ
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is compact. Furthermore there is a constant c (depending on p and s) such that for all

measures m with (3.1), (3.2),

jjtrmjjpc
X
jAN0

2
�jp0ðs�n

p
Þ
mp0�1

j

 !1
p0

: ð3:4Þ

Remark 6. Compared with Proposition 2 we have now estimate (3.4) and, more
important, the assertion that trm is compact. The proof is shifted to Section 4.2. It is

based on wavelet frames according to [30,32]. It is just one of the main aims of this
paper to use this new method to obtain assertions of the above type and estimates for
the approximation numbers of the compact operator trm: Accepting Proposition 3,

the following assertion is an immediate consequence of Corollary 1.

Theorem 1. Let

1opoN;
1

p
þ 1

p0 ¼ 1; s40

and let m be an isotropic Radon measure m according to Definition 2ðiÞ with the

generating function h: Then the following three assertions are equivalent to each other:

1. The trace operator trm;

trm : Bs
pðRnÞ+LpðG; mÞ ð3:5Þ

exists,
2. trm is compact,

3.
X
jAN0

2
�jp0ðs�n

p
Þ
hð2�jÞp0�1oN: ð3:6Þ

Proof. By Corollary 1, assertions 1 and 3 are equivalent. The compactness follows
from Proposition 3. &

Remark 7. If s4n
p
then (3.2) and (3.6) are always satisfied and Proposition 3 and

Theorem 1 do not say very much. Hence the case of interest is spn
p
:

3.2. Approximation numbers

Let A and B be two Banach spaces and let LðA;BÞ be the canonically normed
Banach space of all linear and bounded operators acting from A to B: Let
TALðA;BÞ: Then given any kAN; the kth approximation number akðTÞ of T is
defined by

akðTÞ ¼ inffjjT � Ljj: LALðA;BÞ; rank Lokg;
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where rank L is the dimension of the range of L: This is a well-known notation
and might be found in many books. We refer, for example, to [10, 1.3.1], and
[8, II.2]. In particular, the degree of compactness of T can be measured how
rapid akðTÞ tends to zero. Let T ¼ trm according to Proposition 3. We strengthen

(3.2) byX
jXJ

2
�jp0ðs�n

p
Þ
mp0�1

j B2
�Jp0ðs�n

p
Þ
mp0�1

J ; JAN0: ð3:7Þ

(According to the agreement in 2.1 the equivalence constants are independent of
JAN0). Again spn

p
are the cases of interest, otherwise (3.7) is always satisfied. To

avoid awkward notation let at ¼ a½t� if tX1 for the approximation numbers.

Proposition 4. Let

1opoN;
1

p
þ 1

p0 ¼ 1; s40:

Let m be a Radon measure in Rn with (3.1) and (3.7). Let ak ¼ akðtrmÞ be the

approximation numbers of the compact operator trm in (3.3). There are two positive

numbers c and c0 such that

ac2nJpc02
�Jðs�n

p
Þ
m
1
p
J ; JAN0: ð3:8Þ

Remark 8. Since p0 � 1 ¼ p0

p
it follows by (3.2) or (3.7) that the numbers on the right-

hand side of (3.8) are tending to zero if J tends to infinity. We shift the proof of this
proposition to 4.3. Otherwise (3.8) is a rather crude estimate. It m is isotropic
according to Definition 2 with the generating function h then one gets much better
assertions. Let H be the inverse function of h; hence

hðtÞ ¼ t3t ¼ HðtÞ; 0ptp1; 0ptp1: ð3:9Þ

Theorem 2. Let

1opoN;
1

p
þ 1

p0 ¼ 1; 0osp
n

p
:

Let m be a strongly isotropic Radon measure m according to Definition 2ðiiÞ with the

generating function h and the inverse function H; satisfyingX
jXJ

2
�jp0ðs�n

p
Þ
hð2�jÞp0�1B2

�Jp0ðs�n
p
Þ
hð2�JÞp0�1; JAN: ð3:10Þ

Let ak ¼ akðtrmÞ be the approximation numbers of the compact operator trm according

to (3.5). Then

akBk
�1

pHðk�1Þs�n
p; kAN: ð3:11Þ
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Remark 9 (Example). This is a rather satisfactory assertion. The proof is shifted to
4.4. Now one can check diverse admitted functions h; maybe taken from the lists in
[3,4]. This will not be done here. We restrict ourselves to the almost classical example
of a compact d-set G with 0odon;

hðtÞ ¼ td and HðtÞ ¼ t
1
d ; 0ptp1:

Then we have (2.6) and m ¼ Hd jG (the restriction of the Hausdorff measure Hd to G)
is strongly isotropic. If

1opoN;
1

p
þ 1

p0 ¼ 1;
n � d

p
osp

n

p
;

then (3.10) is satisfied (recall that p0 � 1 ¼ p0

p
) and we obtain

akBk
�1

pk
�1

d
ðs�n

p
Þ ¼ k

�1
d
ðs�n�d

p
Þ
; kAN:

We remark that one has the same behaviour for the entropy numbers ek of the trace
operator trm in (3.5). This follows from [29, 20.6, 20.2, pp. 166/159].

3.3. Fractal elliptic operators

We wish to apply the Theorems 1 and 2 with p ¼ 2 to the operators Bs introduced
in Section 2.5. Recall that HsðRnÞ ¼ Bs

2ðRnÞ with s40 are the Sobolev spaces

according to (2.4) in Definition 1(ii) and (2.5). Let m be an isotropic Radon measure
according to Definition 2(i) with the generating function h: By Theorem 1, the trace
operator trm;

trm : HsðRnÞ+L2ðG; mÞ

exists, and is compact, if, and only, if,X
jAN0

2jðn�2sÞhð2�jÞoN:

In particular, the constructions described in Section 2.5 concerning the operator Bs

can be applied and one gets the following assertion.

Theorem 3. Let m be a strongly isotropic Radon measure according to Definition 2ðiiÞ
with the generating function h and its inverse function H given by (3.9). Let 0ospn

2
andX

jXJ

2jðn�2sÞhð2�jÞB2Jðn�2sÞhð2�JÞ; JAN0: ð3:12Þ

Then

Bs ¼ ðid � DÞ�s
3idm ð3:13Þ

according to Section 2.5 is a compact, non-negative self-adjoint operator in HsðRnÞ: Let

fRkgkAN be the sequence of all positive eigenvalues of Bs; repeated according
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to multiplicity and ordered so that

R1XR2X?40; Rk-0 if k-N: ð3:14Þ

Then

RkBk�1Hðk�1Þ2s�n; kAN: ð3:15Þ

Remark 10 (Example). The proof is shifted to Section 4.5. After the explanations
given in Section 2.5 it remains to prove the distribution (3.15) of the eigenvalues Rk:
In case of a compact d-set G with 0odon we obtain by the same arguments as in
Remark 9,

RkBk�2s�nþd
d ; kAN

for the eigenvalues Rk of Bs given by (3.13) with n � do2spn: We obtained this
distribution of the eigenvalues in [29, Theorem 28.6, p. 226], in a slightly different but
nearby context.

We introduced in Section 2.5, Definition 3, Weyl measures.

Corollary 2. Any strongly isotropic Radon measure m in Rn according to Definition

2ðiiÞ is a Weyl measure.

Proof. We apply Theorem 3 with s ¼ n
2
: Since m is strongly isotropic it follows by

(2.12) in Proposition 1 that (3.12) with n ¼ 2s is satisfied. Hence RkBk�1 where kAN

and m is a Weyl measure. &

Remark 11. As mentioned in Remark 2, any strongly isotropic measure is a
strongly diffuse Radon measure. We proved in [30, Theorem 19.17, p. 280], that

any finite, strongly diffuse, compactly supported Radon measure in the plane R2

is a Weyl measure. The somewhat complicated proof is mainly based on entropy
numbers. But there is hardly any doubt (although not done in detail so far) that
this proof can be extended to nAN: Then the above corollary would be a special
case of such an assertion. But here it is a simple by-product of Theorem 3. The first
step to deal with Weyl measures in Rn had been done in [34] based on entropy
numbers. Using the above Proposition 1 it comes out that Theorem 1 in [34] is a
special case of the above Corollary 2. But both techniques, based on entropy
numbers or approximation numbers, respectively, have their advantages and
disadvantages (and we were not aware of the above simple Proposition 1 when
[34] was written).

4. Proofs

It remains to prove Propositions 3 and 4, Theorems 2 and 3. But first we describe
wavelet frames which are our basic tool in what follows. As mentioned in the
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Introduction it is one of the main aims of this paper to present this method as an
effective instrument to estimate approximation numbers.

4.1. Wavelet frames

We developed the theory of quarkonial (or subatomic) decompositions in function
spaces of type Bs

pq and F s
pq with sAR; 0oppN (poN in the F -case), 0oqpN; in

[29, Section 14], and in [30, Sections 2 and 3], mainly as an instrument to estimate
entropy numbers of compact operators between these spaces in Rn; in domains, on
manifolds and on fractals. We returned to this subject in [32] and used it in
connection with a global, local and pointwise regularity theory for distributions.
We follow here this paper in a slightly modified way restricting ourselves to the
special case

Bs
pðRnÞ with 1opoN; s40;

according to Definition 1(i).
Let K be a non-negative CN function in Rn with

supp KCfy ¼ ðy1;y; ynÞARn: jyjo2N ; yj40g ð4:1Þ

for some fixed NAN andX
mAZn

Kðx � mÞ ¼ 1 where xARn:

Let

KbðxÞ ¼ ð2�NxÞbKðxÞX0 if xARn and bANn
0;

where xb ¼ x
b1
1 ?x

bn
n : Let

oASðRnÞ; suppoCð�p; pÞn; oðxÞ ¼ 1 if jxjp2;

obðxÞ ¼ ijbj2Njbj

ð2pÞnb!
xboðxÞ; where xARn and bANn

0

and

ObðxÞ ¼
X

mAZn

ðobÞ3ðmÞe�imx; xARn;

where jbj ¼ b1 þ?þ bn and ¼ b1!?bn!: As usual, 4 and 3 refer to the Fourier
transform and its inverse, respectively. Let j0ASðRnÞ;

j0ðxÞ ¼ 1 if jxjp1; j0ðxÞ ¼ 0 if jxjX3
2
;

and jðxÞ ¼ j0ðxÞ � j0ð2xÞ: Then

Fb
jmðxÞ ¼

Fb
F ðx � mÞ if j ¼ 0; mAZn;

Fb
Mð2jx � mÞ if jAN; mAZn

(
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are analytic wavelets where the father wavelets Fb
F and the mother wavelets Fb

M are

given by their inverse Fourier transforms

ðFb
F Þ

3ðxÞ ¼ j0ðxÞObðxÞ; ðFb
MÞ3ðxÞ ¼ jðxÞObðxÞ;

with xARn: For the sequence

l ¼ flbjmAC : jAN0; mAZn; bANn
0g;

s40; 1opoN and RX0 we put

jjljcpjjR;s ¼
X
b;j;m

2
Rjbjpþjðs�n

p
Þpjlbjmj

p

 !1
p

; ð4:2Þ

where
P

b;j;m always means the summation over bANn
0; jAN0; mAZn: For

fALpðRnÞ;

lbjmð f Þ ¼ 2jn

Z
Rn

f ðxÞFb
jmðxÞ dx; jAN0; mAZn; bANn

0 ð4:3Þ

are distinguished wavelet coefficients. We formulate now a special case of Theorem 1
in [32] in a slightly modified version. We put

KbjmðxÞ ¼ Kbð2jx � mÞ; bANn
0; jAN0; mAZn:

Let 1opoN; s40; and RX0: Then fALpðRnÞ is an element of Bs
pðRnÞ if, and only

if, it can be represented as

f ¼
X
b;j;m

lbjmK
b
jm ð4:4Þ

with jjljcpjjR;soN: Furthermore,

jj f jBs
pðRnÞjjBinf jjljcpjjR;s ð4:5Þ

where the infimum is taken over all admissible representations (4.4). In addition, any
fABs

pðRnÞ can be optimally represented by

f ¼
X
b;j;m

lbjmð f ÞKbjm ð4:6Þ

with

jj f jBs
pðRnÞjjBjjlð f ÞjcpjjR;s: ð4:7Þ

The convergence in (4.4), (4.6) is absolute in LpðRnÞ and unconditional in Bs
pðRnÞ:

Furthermore, RX0 can be prescribed where the equivalence constants in (4.5), (4.7)
may depend on s; R; p: We refer for further details to [29, Section 14; 30, Sections 2
and 3], and, in particular, to [32]. Of special interest for us is the wavelet
representation (4.6) with (4.3), (4.7).
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4.2. Proof of Proposition 3

Step 1: Let fABs
pðRnÞ be given by (4.6), (4.7). For any fixed bANn

0 we have

XN
j¼0

X
mAZn

lbjmð f ÞKbjmjLpðG; mÞ
					

					
					

					p c
XN
j¼0

m
1
p
j

X
mAZn

jlbjmð f Þjp
 !1

p

p c
XN
j¼0

2
�jp0ðs�n

p
Þ
m

p0

p
j

 !1
p0 X

j;m

2
jðs�n

p
Þpjlbjmð f Þjp

 !1
p

;

where c is independent of b and m: We choose R40: Then it follows by (4.2), (4.7)

and p0

p
¼ p0 � 1 that

jjtrm f jLpðG; mÞjjpc
XN
j¼0

2
�jp0ðs�n

p
Þ
mp0�1

j

 !1
p0

jj f jBs
pðRnÞjj;

where c is independent of m: This proves (3.4).
Step 2: We prove that trm is compact. Let BAN; JAN; and let trB;J

m be given by

trB;J
m f ¼

X
jbjpB

X
jpJ

XG
mAZn

lbjmð f ÞKbjm; ð4:8Þ

where again fABs
pðRnÞ is given by (4.6), (4.7) and where the sum

PG
mAZn is restricted

to those mAZn such that the cubes Qjm have a non-empty intersection with G: For
given b40 and suitably chosen R40 it follows by the above arguments for fABs

pðRnÞ
having norm of at most 1 that

jjðtrm � trB;J
m Þf jLpðG; mÞjj

pc
X
jbjXB

2�bjbj

0
@

1
Aþ c

X
jbjpB

2�bjbj

0
@

1
A X

jXJ

2
�jp0ðs�n

p
Þ
mp0�1

j

 !1
p0

; ð4:9Þ

where c is independent of f : By (3.2) we find for any e40 given sufficiently large
numbers B and J such that

jjtrm � trB;J
m jjpe:

Since trB;J
m are operators of finite rank it follows that trm is compact.
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4.3. Proof of Proposition 4

By (3.7) we have (3.2). Hence by Proposition 3 the operator trm is compact. We

refine (4.8) by

trJ
m f ¼

X
jbjpJ

X
jpJ�jbj

XG
mAZn

lbjmð f ÞKbjm; JAN; ð4:10Þ

where again fABs
pðRnÞ is given by (4.6), (4.7) and the last sum has the same meaning

as the last sum in (4.8). Since m is a measure in Rn we have

mKpc2ðJ�KÞnmJ where KpJ: ð4:11Þ

Let b40 be sufficiently large. By (3.7) with p0 � 1 ¼ p0

p
and (4.11) we obtain for

fABs
pðRnÞ having norm of at most 1 in analogy to (4.9) that

jjðtrm � trJ
mÞf jLpðG; mÞjj

pc2�bJ þ c
X
jbjpJ

2�bjbj
X

jXJ�jbj
2
�jp0ðs�n

p
Þ
m

p0

p
j

0
@

1
A

1
p0

pc2�bJ þ c
X
jbjpJ

2�bjbj2
�ðJ�jbjÞðs�n

p
Þ
m
1
p

J�jbj

pc2�bJ þ cm
1
p
J2

�Jðs�n
p
Þ X
jbjpJ

2
�bjbjþn

p
jbjþjbjðs�n

p
Þ

pc02
�Jðs�n

p
Þ
m
1
p
J ð4:12Þ

for sufficiently large b40: In the last estimate we used (4.11) with K ¼ 0: For the

rank of trJ
m we have the somewhat crude estimate

rankðtrJ
mÞpc

X
jbjpJ

2nðJ�jbjÞpc02nJ :

This proves (3.8).

4.4. Proof of Theorem 2

Step 1: First, we prove that there is a number c40 such that

akðtrmÞpck
�1

pHðk�1Þs�n
p; kAN: ð4:13Þ

Again we rely on the wavelet expansion (4.6), (4.7). For fixed bANn
0 we put

trbm f ¼
X
jAN0

X
mAZn

lbjmð f ÞKbjm ð4:14Þ
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and

trb;Jm f ¼
X
jpJ

XG
mAZn

lbjmð f ÞKbjm; ð4:15Þ

where the second sum in (4.15) has the same meaning as the last sum in (4.8). By the
same reasoning as in (4.10), (4.12) but now for fixed b we have for fABs

pðRnÞ with
norm of at most 1,

jjðtrbm � trb;Jm Þf jLpðG; mÞjjpc2�bjbj2
Jðn

p
�sÞ

hð2�JÞ
1
p; ð4:16Þ

where b40 is at our disposal and c40 is independent of bANn
0 and JAN0 (but may

depend on b). We used (3.10) as the specification of (3.7) with mjBhð2�jÞ: Since m is

strongly isotropic it follows by Proposition 1 that

rankðtrb;Jm ÞB
X
jpJ

hð2�jÞ�1Bhð2�JÞ�1:

We obtain by (4.16) that there are two positive numbers c and c0 such that for all
bANn

0 and JAN0;

achð2�J Þ�1ðtrbmÞpc02�bjbj2
Jðn

p
�sÞ

hð2�JÞ
1
p: ð4:17Þ

Recall that b40 is at our disposal and that c and c0 may depend on b: By (2.11)

and hBh� we have hð2�j�1ÞBhð2�jÞ where jAN0: Hence for kAN there are numbers
JkAN such that

hð2�JkÞ�1Bk with J1pJ2p?pJkp?-N ð4:18Þ

if k-N: Inserted in (4.17) one obtains

akðtrbmÞpc2�bjbj2
Jkðnp�sÞ

k
�1

p; kAN: ð4:19Þ

Let e40: For given kAN we apply (4.19) to kbAN with kbB2�ejbjk (this means 1 if

the latter number is between 0 and 1). Then it follows from the additivity property of
approximation numbers and from (4.19) that

ackðtrmÞp
X
bANn

0

akbðtrbmÞ

p c0
X
bANn

0

2�bjbj2
e
p
jbj
2

Jkb
ðn
p
�sÞ

k
�1

p

p c002
Jkðnp�sÞ

k
�1

p: ð4:20Þ

We used spn
p
and the monotonicity of the numbers Jk in (4.18). Now, (4.13) is a

consequence of (4.20) and (4.18).
Step 2: We prove that for two suitable positive numbers c and c0;

achð2�jÞ�1ðtrmÞXc02
�jðs�n

p
Þ
hð2�jÞ

1
p; jAN0: ð4:21Þ
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By (4.18) this is equivalent to the converse of (4.13) and completes the proof of
(3.11). We use the same type of arguments as in [29, pp. 219–220], appropriately
modified. Let JAN and c40 be suitably chosen numbers such that there are lattice
points

gj;lA2�j�JZn; l ¼ 1;y;Mj where MjBhð2�jÞ�1 ð4:22Þ

with

distðgj;l ;GÞpc2�j and disjoint balls Bðgj;l ; c2�jþ1Þ: ð4:23Þ

Here jAN0 and the (equivalence) constants in (4.22) and (4.23) are independent of j:
With K as in (4.1) we put for jAN0;

fjðxÞ ¼
XMj

l¼1

cjl2
�jðs�n

p
Þ
Kð2jðx � gj;lÞÞ; cjlAC; xARn: ð4:24Þ

Then we obtain by the localisation property according to [10, 2.3.2, pp. 35–36],

jj fjjBs
pðRnÞjjB

XMj

l¼1

jcjl jp
 !1

p

ð4:25Þ

and (all constants are suitably chosen)

jj fjjLpðG; mÞjjB2
�jðs�n

p
Þ
hð2�jÞ

1
p
XMj

l¼1

jcjl jp
 !1

p

: ð4:26Þ

All equivalence constants are independent of jAN0: Hence,

jj fjjLpðG; mÞjjB2
�jðs�n

p
Þ
hð2�jÞ

1
p if jj fjjBs

pðRnÞjjB1: ð4:27Þ

Now let T be a linear operator,

T : Bs
pðRnÞ+LpðG; mÞ with rank TpMj � 1: ð4:28Þ

Then one finds a function fj according to (4.24) with norm 1 in Bs
pðRnÞ and Tfj ¼ 0:

Hence, by (4.27),

aMj
ðtrmÞ ¼ inf jjtrm � T jjXc2

�jðs�n
p
Þ
hð2�jÞ

1
p; jAN0; ð4:29Þ

where the infimum is taken over all T with (4.28). Here c is some positive constant
which is independent of jAN0: Now (4.21) follows from (4.29) and (4.22).

4.5. Proof of Theorem 3

Step 1: By the explanations given in Section 2.5,

Bs ¼ ðid � DÞ�s
3idm where idm ¼ idm3trm; ð4:30Þ

is a bounded, non-negative self-adjoint operator in HsðRnÞ equipped with the scalar
product (2.25). If p ¼ 2 then (3.12) coincides with (3.10). Then it follows by Theorem

ARTICLE IN PRESS
H. Triebel / Journal of Approximation Theory 129 (2004) 1–2722



2 that Bs is compact. Let Rk be the positive eigenvalues of Bs ordered according to
(3.14). It remains to prove (3.15).

Step 2: We prove that there is a number c40 such that

Rkpck�1Hðk�1Þ2s�n; kAN: ð4:31Þ

By (2.21) the identification operator idm is the dual of the trace operator trm: By the

usual assertion for dual operators, [8, Proposition II, 2.5, p. 55], and Theorem 2 we
have

akðidmÞ ¼ akðtrmÞBk�1
2Hðk�1Þs�n

2; kAN: ð4:32Þ

By (4.30) and the multiplication property for approximation numbers, [8,
Proposition II, 2.2, p. 53], one obtains

a2kðBsÞBa2kðidmÞpakðtrmÞakðidmÞBk�1Hðk�1Þ2s�n: ð4:33Þ

Recall that akðBsÞ ¼ Rk; [8, Theorem II, 5.10, p. 91]. Then (4.31) follows from (4.33)
and

Hð2�jÞBHð2�jþ1Þ; jAN0:

Step 3: Recall akð
ffiffiffiffiffi
Bs

p
Þ ¼ R

1
2
k: Hence, to obtain the converse of (4.31) it is sufficient

to prove that

akð
ffiffiffiffiffi
Bs

p
ÞXck�1

2Hðk�1Þs�n
2; kAN; ð4:34Þ

for some c40: We use the same arguments as in 4.4, Step 2, now with p ¼ 2: Hence,
based on (4.22), (4.23), we put

fjðxÞ ¼
XMj

l¼1

cjl2
�jðs�n

2
ÞKð2jðx � gj;lÞÞ; cjlAC; xARn:

By (4.25)–(4.27), (2.5), and (2.26) we haveffiffiffiffiffi
Bs

p
fjjHsðRnÞ

			 						 			B2�jðs�n
2
Þhð2�jÞ

1
2 if jj fjjHsðRnÞjjB1:

By the same arguments as in connection with (4.28), (4.29) we obtain for

MjBhð2�jÞ�1 that

aMj
ð
ffiffiffiffiffi
Bs

p
ÞXc2�jðs�n

2
Þhð2�jÞ

1
2; jAN0: ð4:35Þ

This is the counterpart of (4.21). Hence, as there, (4.34) is a consequence of (4.35).

5. Complements

We used wavelet frames as the main tool to estimate approximation numbers in
some special function spaces. Although not done in detail so far this technique can
be used also in other situations. But it is not our aim to comment on these
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possibilities. Just on the contrary. We add two corollaries which rely on the above
assertions combined with some general results available in literature.

5.1. Interpolation

We assume that the reader of this subsection is familiar with the theory of the
function spaces Bs

pqðRnÞ and Fs
pqðRnÞ: Recall that

F s
p;2ðRnÞ ¼ Hs

pðRnÞ; 1opoN; sAR;

are the Sobolev spaces according to (2.3). As usual nowadays As
pqðRnÞ stands either

for Bs
pqðRnÞ or F s

pqðRnÞ (indicating that the assertion in question is equally valid for

B-spaces and F -spaces).

Corollary 3. Let

1opoN;
1

p
þ 1

p0 ¼ 1; 0os0o
n

p
; 0oqpN:

Let m be a strongly isotropic Radon measure m according to Definition 2ðiiÞ with the

generating function h and its inverse function H; satisfyingX
jXJ

2
�jp0ðs0�n

p
Þ
hð2�jÞp0�1B2

�Jp0ðs0�n
p
Þ
hð2�JÞp0�1; JAN: ð5:1Þ

Let s0oson
p
: Then

trm : As
pqðRnÞ+LpðG; mÞ ð5:2Þ

is compact and

akðtrmÞBk
�1

pHðk�1Þs�n
p; kAN; ð5:3Þ

where akðtrmÞ are the respective approximation numbers.

Proof. Since

Bs
p;minðp;qÞðRnÞ+Fs

p;qðRnÞ+Bs
p;maxðp;qÞðRnÞ

it is sufficient to deal with the B-spaces. Furthermore we have (5.1) with s1 in place of
s0 where s0ps1pn

p
: We wish to apply Theorem 2, or better its proof in 4.4. Recall the

real interpolation formula

ðBs0
p ðRnÞ;Bs1

p ðRnÞÞy;q ¼ Bs
pqðRnÞ

where 0oqpN;

s0os1 ¼
n

p
; 0oyo1; s ¼ ð1� yÞs0 þ ys1

[26,27]. We apply the interpolation property to the universal operators trbm and trb;Jm

in (4.14) and (4.15) (which are independent of p and s). Then one obtains the
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counterparts of (4.16), (4.17), and hence (4.13) now for

trm : Bs
pqðRnÞ+LpðG; mÞ; s0oso

n

p
:

As for the converse one can use the same arguments as in Step 2 in 4.4. The main
point is the application of the localisation property according to [10, 2.3.2, pp. 35–
36]. But this works for all spaces As

pqðRnÞ: &

5.2. Entropy numbers

We describe a second application of the above results: estimates of entropy
numbers by means of approximation numbers. Let A and B be quasi-Banach spaces
and let TALðA;BÞ; let UA be the unit ball in A: Then for kAN; the kth entropy
number ekðTÞ of T is defined as the infimum of all e40 such that TðUAÞ can be

covered by 2k�1 balls of radius e in B: Otherwise we assume that the reader of this
subsection is familiar with entropy numbers and their use.

Corollary 4. Let m be a strongly isotropic Radon measure m according to Definition

2ðiiÞ with the generating function h and its inverse function H:

(i) Let the hypotheses of Theorem 2 be satisfied and let ekðtrmÞ be the entropy

numbers of trm according to (3.5). Then there is a positive number c such that

ekðtrmÞpck
�1

pHðk�1Þs�n
p; kAN: ð5:4Þ

(ii) Let the hypotheses of Corollary 3 be satisfied. Then the entropy numbers ekðtrmÞ
of trm now given by (5.2) can be estimated according to (5.4).

(iii) Let the hypotheses of Theorem 3 be satisfied. Let

trm : HsðRnÞ+L2ðG; mÞ:
Then

ekðtrmÞBakðtrmÞBk�1
2Hðk�1Þs�n

2; kAN: ð5:5Þ

Proof. Step 1: By (3.11) we have a2j�1Ba2j where jAN0: Then it follows by [10,
Theorem 1.3.3, p. 15], that

ekðtrmÞpcakðtrmÞ; kAN: ð5:6Þ

Hence (i), and similarly (ii), follow from (3.11) and (5.3), respectively.
Step 2: The last equivalence in (5.5) is covered by (3.11). We have also (5.6). As for

the converse estimate we remark that

ekðidmÞ ¼ ekðtrmÞ; kAN:
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This follows in analogy to (4.32) from the duality assertion for entropy numbers in
Hilbert spaces, [10, Theorem 1.3.1, p. 9]. Similarly as in (4.33) one obtains now by
the multiplication property for entropy numbers and by Carl’s inequality, [10,
Corollary 1.3.4, p. 20],

k�1Hðk�1Þ2s�nBR2kp c1e2kðBsÞBe2kðidmÞ

p c2e
2
kðtrmÞpc3k�1Hðk�1Þ2s�n

resulting in (5.5). &
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